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Abstract. This paper is a survey of our work based on the stratified Morse 
theory of Goresky and MacPherson. First we discuss the Morse theory of 
EucUdean space stratified by an arrangement. This is used to show that the 
complement of a complex hyperplane arrangement admits a minimal cell de- 
composition. Next we review the construction of a cochain complex whose co- 
homology computes the local system cohomology of the complement of a com- 
plex hyperplane arrangement. Then we present results on the Gauss-Manin 
connection for the moduli space of arrangements of a fixed combinatorial type 
in rank one local system cohomology. 



1. Introduction 

Let be a complex vector space of dimension £ > 1. A hyperplane arrangement 
A — {Hi, . . . , Hn} is a set of n > hyperplanes in V. Let M = F \ Uj=i denote 
the complement. Introduce coordinates ui, ... ,ui in V and, for each j, 1 < j < n, 
choose a degree one polynomial aj so that the hyperplane Hj ^ A is defined by 
the vanishing of aj. Let A = (Ai,...,A„) be a set of complex weights for the 
hyperplanes. Given A, we define a multivalued holomorphic function on M by 

n 

A generalized hypergeometric integral is of the form 

<i>(u; A)?7 

where cr is a suitable domain of integration and 77 is a holomorphic form on M, see 
|AKj . When £ = 1, n = 3 and ai ~ u,a2 = u — l,a3 — u -~ x, this is the Gauss 
hypergeometric integral. Selberg's integral |Se| is another special case: 

• ■ • f\ui ■ ■ ■ uef-^iil -ui)---{l- ue)]y~^\A{u)\^' dm... dw 
Jo Jo 

where A(ii) = ni<j(%' ~ '^i)- Hypergeometric integrals occur in the representa- 
tion theory of Lie algebras and quantum groups |SV2I IV] . In physics, these hy- 
pergeometric integrals form solutions to the Knizhnik-Zamolodchikov differential 
equations in conformal field theory jSVlL IV) . The space of integrals is identified 
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with a cohomology group, H^{M; C), of the complement, with coefRcients in a com- 
plex rank one local system. Associated to A, there is a rank one representation 
p : 7ri(M) C*, given by pijj) = tj, where t = {ti, ...,tn) € (C*)" is defined by 
tj = exp(— 27ri Aj), and jj is any meridian loop about the hyperplane Hj of A, and 
a corresponding rank one local system C = Ct = C\ on M. Equivalently, weights 
A determine a flat connection on the trivial line bundle over M, with connection 
one-form uj\ = (ilog$(u; A). 

The first problem is to calculate the local system cohomology groups _ff''(M, C). 
The methods used by Aomoto and Kita AK", Esnault, Schechtman, and Viehweg 
|ES V| ■ Schechtman, Terao, and Varchenko ^STV., and others are described in detail 
in j()T2j . These use the twisted de Rham complex, V), of global ratio- 

nal differential forms on V with arbitrary poles along the divisor with 
differential V(77) = drj + ujx A r). The cochain groups of this complex are infinite 
dimensional. Conditions must be imposed on the weights in order to reduce the 
problem to a finite dimensional setting. These are the nonresonance conditions of 
|STV| . Under these conditions, the calculation may be reduced to combinatorics 
and yields Hi{M;C) = for q ^ £ and dimH'^{M;C) = |e(M)|, where e(M) is the 
Euler characteristic of the complement. This approach provides less information 
for resonant weights, those for which the aformentioncd nonresonance conditions 
do not hold. By contrast, the results obtained below using stratified Morse theory 
are valid for arbitrary weights. 

Weights A give rise to a local system on the complement of every arrangement 
that is combinatorially equivalent to A. The resulting local system cohomology 
groups comprise a flat vector bundle over the moduli space of such arrangements. 
The second problem is to determine the Gauss-Manin connection in this cohomol- 
ogy bundle. For instance, the Gauss hypergeometric function is defined on the 
complement of the arrangement of three points in C. It satisfies a second order 
differential equation which, when converted into a system of two linear differential 
equations, may be interpreted as a Gauss-Manin connection on the moduli space of 
arrangements of the same combinatorial type j()T2j . This idea has been generalized 
to all arrangements by Aomoto A2 and Gelfand IHl- The connection is obtained 
by differentiating in the moduli space. For arrangements in general position, and 
nonresonant weights, explicit connection matrices were obtained by Aomoto and 
Kita |AK) . Unfortunately, this pioneering work is available only in Japanese. The 
relevant matrices have been reproduced in |OT2l IC03j . 

The (flat) Gauss-Manin connection in the cohomology bundle corresponds to a 
representation of the fundamental group of the moduli space. The endomorphisms 
arising in the connection one-form, which we refer to as Gauss-Manin endomor- 
phisms, may be realized as logarithms of certain automorphisms. This interpreta- 
tion, used in |C04I . allows for local calculations, valid for all arrangements and all 
weights. This paper is a survey of our work on these problems. 

Section[21prcsents basic results on the Morse theory of Euclidean space stratified 
by an arrangement (of subspaces), following GM, CI, . In Sectional we use these 
results to give a proof of a theorem of Dimca and Papadima |DP1| and Randell 
|Ra2| . which asserts that the complement of a complex hyperplane arrangement is 
a minimal space, admiting a cell decomposition for which the number of g-cells is 
equal to the q-th Betti number for each q. In Section 01 we review the stratified 
Morse theory construction from jCIIICOi] of a finite cochain complex {K'{A), A*), 
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the cohomology of which is naturally isomorphic to H*{M;C). This leads to the 
construction of the universal complex (K*,A*(x)) for local system cohomology, 
where — A®cif* and A = C[x^^, . . . , xf^^]. We recall a combinatorial model for 
H*{M,C), called the Orlik-Solomon algebra, A{A). The one-form ujx corresponds 
to an element ax of the Orlik-Solomon algebra. Multiplication by ax gives this 
algebra the structure of a cochain complex, {A' (A), ax)- The Aomoto complex 
is the universal complex for this cochain complex. It is chain equivalent to the 
linearization of the universal complex. This informs on the relationship between 
the characteristic varieties of complements of arrangements (jumping loci for local 
system cohomology) and the resonance varieties of arrangements (jumping loci for 
the cohomology of the Orlik-Solomon complex). 

In Section we move from consideration of a fixed arrangement to the study 
of all arrangements of a given combinatorial type. We define the moduli space of 
arrangements with a fixed combinatorial type T and the set Dep(T) of dependent 
sets in type T. We present results concerning the homology of the moduli space. 

In Section|H| we work with a smooth, connected component of the moduli space, 
B(T). There is a fiber bundle tt : M{T) B{T) whose fibers, 7r-i(b) = Mb, 
are complements of arrangements Ah of type T. Since B(T) is connected, Mb is 
diffeomorphic to M. The fiber bundle tt : M(T) B(T) is locally trivial. Given a 
local system on the fiber, consider the associated flat vector bundle tt'' : H'(£) 
B(T), with fiber (7r'?)-i(b) = Hi{Mb;Ch) at b e B{T) for each q, < q < £. Fixing 
a basepoint b £ B(T), the operation of parallel translation of fibers over curves in 
B(T) in the vector bundle tt'' : H'(£) — > B(T) provides a complex representation 

^-1- : 7ri(B(r), b) ^ Autc(i?«(Mb; ^b))- 

The loops of primary interest are those linking moduli spaces of codimension one 
degenerations of T. Such a degeneration is a type T' whose moduli space B(T') 
has codimension one in the closure of B(T). In this case we say that T covers T'. 

When T covers T' and 7 e 7ri(B(T), b) is a simple loop linking B(T') in B(T), 
write 4'7-(7) = exp(— 27r i il). We denote this Gauss-Manin endomorphism in the 
bundle TT-? : W{C) ^ B(T) hy n ^ f7« (B(T'), B(r)). The rest of this survey 
reports on our results concerning these endomorphisms. 

In Section [TJ for each subset S of hyperplanes, we define an endomorphism dig 
of the Aomoto complex of a general position arrangement of n hyperplanes in C'^. 
When T covers T', we construct a suitable linear combination of these maps, which 
induces an endomorphism of the Aomoto complex of type T. The specialization 
y 1-^ A in the Aomoto complex then yields an endomorphism uj^{T',T) of the 
Orlik-Solomon complex A'{T) = A' {A) of an arrangement A of type T. This 
leads to our main result, stated in more detail in Section [T] 

Theorem (' |C04p . Let M be the complement of an arrangement A of type T and let 
C be the local system on M defined by weights A. Suppose T covers T'. Then there 
is a surjection ^'^ : A'^(T) H'^{M,C) so that the Gauss-Manin endomorphism 
r2£(B(T'), B(T)) in local system cohomology is determined by the equation 

e o Lunr, T) = niiBiT'), B(r)) o □ 

In Section|H| we report on the spectrum of the Gauss-Manin endomorphism. The 
pair (T', T) determines a set of hyperplanes S C A and an integer r. We call {S, r) 
the principal dependence. Let A5 = ^^^^^ Aj. 
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Theorem ( ^T^ ). Suppose T covers T' with principal dependence {S,r). Let A 
he a collection of weights satisfying A5 7^ 0. Then the Gauss- Manin endomorphism 
57£(B(T'), B(T)) is diagonalizahle, with spectrum contained in {0, A5}. □ 

We illustrate these results with an example in Sectional 

2. Morse Functions for Arrangements 

Goresky and MacPherson developed stratified Morse theory in order to extend 
the class of spaces to which Morse theory applies. This generalization may be 
used to study singular spaces, noncompact spaces, etc. The latter is illustrated 
in Part III of their book jGM| using real subspace arrangements. The topology 
of the complement of such an arrangement is analyzed by Morse theoretic means, 
by considering the stratification of the ambient Euclidean space determined by the 
arrangement and realizing the complement as one of the strata. We recall some of 
their constructions and results needed in the sequel. 

Let y be a real vector space of dimension £ > 1, and let A be an arrangement 
of affine subspaces in V. An edge (or fiat) of ^ is a nonempty intersection X of 
elements of A. Let L = L{A) be the set of all edges of A. Unless otherwise noted, 
we partially order the set L by reverse inclusion. 

The arrangement A gives rise to a Whitney stratification SofV with a stratum 

Sx^X\ U Y 

YCX 

for each edge X ^ L. The complement M of ^ is the stratum corresponding to the 
edge V (the intersection of no elements of A). For any edge X, the closure of Sx is 
X. Note that a complex hyperplane arrangement may be viewed as a real subspace 
arrangement with even-dimensional strata. 

For almost any point p 6 M, the function f : V M. given by 

(2.1) /(u) = [distance(p,u)]^ 

is a Morse function on V with respect to the stratification S, see |()MI L2.2]. For 

r e M, let 

M<r = {ueM\ f{u) < r}. 

The function / has a unique critical point on each edge. It is a minimum. Further- 
more, Goresky and MacPherson show in |GMI III.3] that the Morse function / is 
perfect: if ?; G R is a critical value and e > is sufficiently small, the long exact 
homology sequence of the pair (M<„+e, M<„_e) splits into short exact sequences 

(2.2) ^ i/g(M<„_,; Z) ^ Hg{M<„+,; Z) ^ Hg{M<,+„ M<,-,;Z) ^ 0. 

Using this, they calculate the homology iJ, (M; Z) in terms of the poset L (ordered 
by inclusion) , see |GMI III. 1 .3. Theorem A] . This result has prompted a great deal of 
work on the cohomology of the complement of a subspace arrangement, culminating 
with the determination of the cup product structure of this cohomology ring by de 
Longeville and Schultz jdLSj and Deligne, Goresky, and MacPherson jPGMj . 

One can produce a Morse function such as 12.1|l that meets the strata of V 
according to codimension. 
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Definition 2.1. Let Z be a Whitney stratified subset of Euclidean space. A Morse 
function f : Z ^ M. is said to be weakly self-indexing with respect to the stratifica- 
tion {Sa} of Z if for each q, < q < dim Z , we have 

max {critical values of f \ Sa} < min {critical values of f \ S/3}. 

codim5'a— 1 codimS^— q 

Proposition 2.2. Let A be an arrangement of subspaces in the real vector space 
V . Then there is a positive definite quadratic form f : V —> which is a weakly 
self-indexing Morse function with respect to the stratification {Sa} of V given by 
A, whose critical points consist of a unique minimum on each stratum. □ 

The proof of this result given in §1] shows that there are choices of coor- 
dinates {ui} on V and positive constants {uii}, 1 < i < £ = dimV^, for which the 
quadratic form /(ui, U2, • • ■ , ui) = J2i=i '^i^f is a weakly self-indexing Morse func- 
tion with respect to the stratification determined by A. This provides an inductive 
algorithm for the construction of a complete flag in V that is transverse to the 
arrangement A. 

In the rest of this paper, we return to the special case of a complex hyperplane 
arrangement where we can say more. 

3. Minimality 

The notion of minimality has played a significant role in recent work on the 
topology of arrangements, see for instance the work of Papadima and Suciu jPSj . 
Dimca and Papadima [DFT1IDP2] . and Randell |Ra2] . 

Definition 3.1. A space X is said to be minimal z/ X has the homotopy type of 
a connected, finite-type CW-complex W such that, for each q > 0, the number of 
q-cells in W is equal to the rank of L[q{X;'Z). 

Note that, for a minimal space X, all homology groups Hq{X;Z) are finitely 
generated and torsion-free. If X is a 1-connected space with the homotopy type 
of a connected, finite-type CW-complex, and the homology of X is torsion-free, 
then X is minimal by work of Anick |An| . However, many spaces (with torsion-free 
homology) arc not minimal. For instance, the complement of a non-trivial knot 
does not admit a minimal cell decomposition. 

Dimca and Papadima |DP1| and Randell |Ra2| used various forms of Morse the- 
ory to show that the complement of a complex hyperplane arrangement is minimal. 
This result may also be established using stratified Morse theory. 

Theorem 3.2. Let A — {Hi, . . . , Hn} be a complex hyperplane arrangement in the 
complex vector space V ^ . Then the complement M — M(^) = 1^ \ lj"=i 
a minimal space. 

Proof. Without loss of generality, assume that A is an essential arrangement in C^, 
that is, A contains i linearly independent hyperplanes. Then the edges of A have 
codimensions through £. The proof is by induction on £. 

In the case £ = 1, ^ is a finite collection of points inV = C, and the complement 
M(^) has the homotopy type of a bouquet of circles, which is a minimal space. 

For general £, let 

(3.1) T: = CIT" CIT^ CT^ a-- - C T^'^ ^V, 
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be a complete flag in V — that is transverse to the Whitney stratification 
of V determined by A. Choose coordinates {ui} so that, for each k < £ ~ 1, 
J-^ = {uk+i = ■ ■ ■ = ui = 0} . Let / : y ^ M be a Morse function "about" the flag 
that is weakly self-indexing with respect to the stratification of V determined by 

A. 

Since / is weakly self-indexing, there are constants a and h so that all critical 
values of / on edges of codimension less than t are smaller than a, and all critical 
values of / on edges of codimension £ are in the interval (a, 6). For such a and 
&, M<f, is a deformation retract of the complement M of A, and M n is a 

deformation retract of M<a. Since M nJT^^^ is the complement of the arrangement 
Ar\J-^^^ in T^^^ = C^^^, by induction, M CiJ-^^^ 2± M<a is a minimal space. So it 
suffices to show that M has the homotopy type of a space obtained from M n T^^^ 
by attaching b({M) f-cells, where 6fc(M) = ranki?fc(M; Z) denotes the fc-th Betti 
number of M. 

By the Lefschetz hyperplane section theorem of Hamm and Le (HLj (see also 
[HM] ). M is obtained from M n T^^^ by attaching at least ^^(M) ^-cells, and the 
number of ^-cells is equal to the rank of the homology group iJ^ ( M , M n J-^^^). 
Using the fact that the Morse function / is perfect repeatedly, we sec that the 
long exact sequence of the pair (M, M n JF^^^) ~ (M<fc, M<q) splits into short exact 
sequences as in (|2.2|l . In particular, we have Hi{M) = i/^ (M, M n JT^^^), and M has 
the homotopy type of a space obtained from the hyperplane section M n !F^~^ by 
attaching precisely ^^(M) ^-cells. □ 

A similar proof of minimality was recently given by Yoshinaga [7). 

4. Local Systems 

As noted in the introduction, the cohomology of the complement of a complex 
hyperplane arrangement with coefficients in a (complex) local system is of interest 
in the study of multivariable hypergeometric integrals, among other applications. 

Let A he a hyperplane arrangement in the complex vector space V = C^. Let 
p : 7ri(M) GLm(C) be a complex representation of the fundamental group of 
the complement M of A, and denote by C the corresponding rank m local system 
of coefficients on M . For such a local system, stratified Morse theory was used in 
|Clj to construct a complex {K* (A), A*), the cohomology of which is naturally 
isomorphic to H*{M; C). We recall this construction briefly. 

Let be a complete flag in V which is transverse to the stratification determined 
by A as in (jSU. Let W ^T'^nM for each q. Let Ri = Hi{Ui, M'-^; £), and de- 
note by A« the boundary homomorphism iJ«(M9, Wi~^;C) i79+i(M«+i, M'?;£) 
of the triple (M'?+\ M"?, M^^^). The following compiles several results from [Ul]. 



Theorem 4.1. Let C he the complex local system on M corresponding to the rep- 
resentation p : 7ri(M) GLm(C). 

1. For each q, < q < i, we have i7^(M9, M?"!; £) ^ Q if i ^ q, and 
dime 7J«(M9, £) = m • bq{U). 

2. The system of complex vector spaces and linear maps (K'^A'), 

KO^K'^K'-. >K'-' K\ 

is a complex (A''+^ o = 0). The cohomology of this complex is naturally 
isomorphic to H'{M] C), the cohomology of M with coefficients in C. □ 
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Corollary 4.2 f |C2j ). For the rank m local system C, let (3q — dime H'^{M; jC), 
and write bq = bq(M). Then, for < q < (, we have 

Pq <m- bq, 

and 

Pq - f3q-l + • • • ± /?0 < m • (&, - bq^l + • • • ± b^) . □ 

These are the weak and strong Morse inequalities arising from the complex 
{K*,A*) since dime -flT'' = m • bq. In particular, for any complex local system, 
the cohomology groups iJ*(M; C) are finite dimensional, resolving a question raised 
by Aomoto and Kita |AK| in the context of rank one local systems. 

Remark 4.3. Let W be the minimal CW-complex resulting from (inductive) ap- 
plication of Theorem 13.21 The complex (if*, A*) may be realized as the cellular 
(co)chain complex of W with coefficients in the local system C 

In the rest of this paper we focus on rank one local systems. Let A — (Ai , . . . , A„) 
be a set of complex weights for the hyperplanes of A. Let tj = exp(— 27ri Aj) and 
t = [ti, . . . ,tn) G (C*)". Associated to A, we have a rank one representation 
p : 7ri(M) — > C*, given by p(7j) — tj, where 7^ is any meridian loop about the 
hyperplane Hj of A, and a corresponding rank one local system C = Ct — Cx on 
M. Note that weights A and A' yield identical representations and local systems if 
A - A' e Z". 

The dimensions of the terms, if, of the complex {K',A') are independent of 
the local system C. For a rank one local system, they are given by dim if — 6g(M). 
In this context, write A* — A*(t) to indicate the dependence of the complex on t, 
and view these boundary maps as functions of t. Let A = <C[xf^, . . . ,x^^] be the 
ring of complex Laurent polynomials in n commuting variables. 

Theorem 4.4 ( jCOlp . For an arrangement A of n hyperplanes with complement 
M, there exists a universal complex (K*, A*(x)) with the following properties: 

1. The terms are free A-modules, whose ranks are given by the Betti numbers 
o/M, A^'^-^). 

2. The boundary maps, A^(x) : K"^ K''+^ are A-linear. 

3. For each t S (C*)", the specialization x t-* t yields the complex (K' , A*(t)), 
the cohomology of which is isomorphic to H'{M; Ct), the cohomology of M 
with coefficients in the local system associated to t. □ 

The entries of the boundary maps A'' (x) are elements of the Laurent polynomial 
ring A, the coordinate ring of the complex algebraic n-torus. Via the specialization 
X t G (C*)", we view them as holomorphic functions (C*)" — > C. Similarly, for 
each q, we view A9(x) as a holomorphic map A? : (C*)" Mat(C), t ^ A'?(t) 
from the complex torus to matrices with complex entries. 

Remark 4.5. Let W be the minimal CW-complex resulting from application of 
Theorem 13.21 and let W be the universal cover of W. The complex (K*, A*(x)) 
may be realized as Uom'^ (CJ^W) , A) , where G = tti{W) = ni{M), C,(W) is the 
(cellular) chain complex of W, and A = C[Z"] is the G- module corresponding to 
the action of G on the abelianization G/[G, G] = Hi{W) = Z" by (left) translation. 
In |DP2| . Dimca and Papadima show that the complex C,{W) is itself an invariant 
of the arrangement A. 
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The universal complex K' is closely related to another universal complex defined 
by Aomoto |A2| using the Orlik-Solomon algebra A{A). This graded algebra, iso- 
morphic to the cohomology H*{M; C) (see jOSIIOTl] ). is the quotient of the exterior 
algebra E{A) generated by 1-dimensional classes ej, 1 < j < by a homogeneous 
ideal I (A). Let [n] — {1, . . . , n}. Refer to the hyperplanes by their subscripts and 
order them accordingly. Given S' C [n], denote the flat HjgS ^'^ ^' 

call S independent if the codimension of nS in V is equal to and dependent 
if codim(nS') < l-Sj. If 5 = (ji, ^2, • ■ • ,jq), let es — Gj^Cj^ ■ ■ ■ Cj^ denote the corre- 
sponding basis element of the exterior algebra. Define des — X]p=i(~l)''^^^s\{jp}- 
The ideal I{A) is generated by 

{des I S is dependent} [j{es \ nS = 0}. 

For S C [n], let as denote the image of 65 in A{A) — E{A)/I{A). The algebra 
A{A) has a C-basis called the nbc basis. A subset S of [n] is a circuit if it is 
a minimally dependent set: S is dependent but every nontrivial subset of S is 
independent. Call T — {ji < ■ ■ ■ < jp) C [n] a broken circuit if there exists k G [n] 
so that k < ji and {k,T) is a circuit. The nbc basis consists of all elements 05 of 
A{A) corresponding to subsets S of [n] which contain no broken circuit [QTIJ . 

Let ax — ^j'^j ^ ^^(-^) note that axax — because A{A) is a quotient 

of an exterior algebra. Thus we have a complex (A* (A), ax)- Let y = {yi, . . . , y„} 
be a set of indeterminates in one-to-one correspondence with the hyperplanes of 
A. Let R = C[y] be the polynomial ring in y. Define a graded i?-algebra: A* = 
A'(^) = R(g)c A* (A). Let ay = J2]Li Vj ® a,j e A^ The complex {A' {A), ay) 

(4.1) O^A°{A)^A\A)^...^A\A)^0 

is called the Aomoto complex. Its specialization y 1-^ A is the complex {A* (A), ax)- 

Theorem 4.6 (EnU)- For any arrangement A, the Aomoto complex (A*, fly) is 
chain equivalent to the linearization of the universal complex (K*, A*(x)) at the 
pomi 1 = (!,...,!) e (C*)". □ 

For certain classes of arrangements, the boundary maps of the universal complex 
(K*, A*(x)) may be described explicitly. See, for instance, Hattori for general 
position arrangements. In the case where the arrangement is defined by real equa- 
tions, progress on this problem has been recently made by Yoshinaga fY'. However, 
for an arbitrary arrangement, these boundary maps are not known. Consequently, 
while the complex (AT*, A*(t)) computes local system cohomology in principle, we 
do not know how to calculate the groups i/'(M; Ct) explicitly for arbitrary weights. 

It is an interesting question to determine the stratification of the space of all 
weights with respect to the local system cohomology groups. Each point t G (C*)" 
gives rise to a local system C = Ct on the complement M . Define the characteristic 
varieties 

E«,(M) = {t e (C*)" I dimi7'?(M;£t) > m}. 

These loci are algebraic subvarieties of (C*)", which are invariants of the homotopy 
type of M. See Arapura |Arj and Libgober |Llj for detailed discussions of these 
varieties in the contexts of quasiprojective varieties and plane algebraic curves. 
The characteristic varieties are closely related to the resonance varieties. 
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Each point A G C" gives rise to an element ax G of the Orhk-Solomon algebra 
A* = A* (A). Define the resonance varieties 

ni,{A) = {A e C" I dimH'^{A',ax) > m}. 

These subvarieties of C" are invariants of the Orlik-Solomon algebra A{A). See 
Falk |F] and Libgober and Yuzvinsky [LYj for detailed discussions of these varieties. 

Theorem 4.7 (" ICOlp . Let A be an arrangement in with complement M and 
Orlik-Solomon algebra A'. For each q and m, the resonance variety TZ'^{A) co- 
incides with the tangent cone of the characteristic variety I]^(M) at the point 
1 = e (C*)". □ 

The characteristic varieties are known to be unions of torsion-translated subtori 
of (C*)", see Ei]. In particular, all irreducible components of I]^(M) passing 
through 1 are subtori of (C*)". Consequently, all irreducible components of the 
tangent cone are linear subspaces of C". 

Corollary 4.8. For each q and m, the resonance variety ^^^-^{A) is the union of 
an arrangement of subspaces in C" . □ 

For q = 1, these results were established by Cohen and Suciu ICSj , see also Lib- 
gober and Yuzvinsky |L1I ILY| . For the discriminantal arrangements of Schechtman 
and Varchenko jSV2j . they were established in jC8j . In particular, as conjectured 
by Falk jF] Conjecture 4.7], the resonance varieties TZ'^{A) were known to be unions 
of linear subspaces in these instances. Corollary 14. 81 above resolves this conjecture 
positively for all arrangements in all dimensions. Theorem 14.71 and CoroUarv 14.81 
have been obtained by Libgober in a more general situation, see |L2) . 

There are examples of arrangements for which the characteristic varieties contain 
(positive dimensional) components which do not pass through 1 and hence cannot 
be detected by the resonance variety, see Suciu [HHI- In some of these cases, the 
local system cohomology is nontrivial, while the cohomology of the Orlik-Solomon 
complex vanishes. 



5. Moduli Spaces 

In the rest of the paper we pass from consideration of a fixed arrangement to 
the study of all arrangements of a given combinatorial type. Fix a pair (i, n) with 
n > ^ > 1 and consider families of essential ^-arrangements with n linearly ordered 
hyperplanes. In order to define the notions of combinatorial type and degeneration, 
we must allow for the coincidence of several hyperplanes. We call these new objects 
multi-arrangements. If there is no coincidence, we call the arrangement simple. 

Introduce coordinates ui,...,uiinV and choose a degree one polynomial aj = 
^j,o + bj^kUk for the hyperplane Hj € A so Hj is defined by aj — 0. Note 

that aj is unique up to a constant. Embed V in projective space CP^ and call 
the complement of V the infinite hyperplane, Hn+i, defined by uq — 0. We call 
^oo = A[jHn+i the projective closure of A. It is an arrangement in CP . Give 
Hn+i the weight A„+i = — X^jLi-^i- We agree that the hyperplane at infinity, 
Hn+i, is largest in the ordering. We may therefore view the projective closure of 
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the arrangement as an (n + 1) x + 1) matrix of complex numbers 



(5.1) 



^2,0 ^2,1 

V 1 .. 



/ 



'^)" may be viewed 
with n hypcrplanes 



whose rows correspond to the hyperplanes of Aoo- Thus ( 
as the moduli space of all ordered multi-arrangements in C. 
together with the hyperplane at infinity. 

Given an arrangement A, the set S = (ji, . . . ^jq) is dependent (in the projec- 
tive closure) if the corresponding row vectors of H5.1|l are linearly dependent. Let 
Dep(yl)g be the set of dependent (/-tuples and let Dep(yl) = Uq>i -Dep(^)q. Two 
essential simple arrangements are combinatorially equivalent if and only if they have 
the same dependent sets. We call T their combinatorial type and write Dep(T). 
Note that an arbitrary collection of subsets of [n -I- 1] is not necessarily realizable 
as a dependent (or independent) set. For example, the collection {123, 124, 134} is 
not realizable as a dependent set, since these dependencies imply the dependence 
of 234. 

The combinatorial type is, in fact, determined by Dep(T)£+i, see, for instance, 
Terao T . Given a subset J C [n + 1] of cardinality i + 1, let Aj(b) denote the 
determinant of the (^ -I- 1) x (^ -I- 1) submatrix of b whose rows are specified by J. 
Given a realizable type T, the moduli space of type T is 

X(T) = {b e (CP^" I Aj(b) = for J e Dcp{T)e+i, Aj(b) ^ else}. 

If Q is the type of a general position arrangement, then Dep{Q) — and the moduli 
space X{Q) is a dense, open subset of (CP^)". Define a partial order on combi- 
natorial types as follows: T > T' Dep(T) C Dep(T'). The combinatorial 
type Q is the maximal element with respect to this partial order. Write T > T' if 
Dep(T) C Dep(T'). If T > T', we say that T covers T' and T' is a degeneration of 
T if there is no realizable combinatorial type T" with T > T" > T' . In this case 
we define the relative dependence set 

Dep(T',T) = Dep(T') \ Dep(r). 

Let 

Y(T) = {b e (CP^)" I Aj(b) 7^ for J ^ Dcp(T)f+i}. 

Then the moduli space of type T may be realized as 

X(r) - {b G Y(r) I Aj(b) = for J e Dep(r),+i}. 

Note that X{Q) ~ y{G)- For any other type T, the moduli space X{G) may be 
realized as 

X{g) = {he Y(r) I Aj(b) ^ for J e Dep(r),+i}. 
If T 7^ a, then X{T) and X{g) are disjoint subspaces of Y(r). Let ir : X(^) Y(T) 
and Jt ■ X(T) Y(T) denote the natural inclusions. We showed in jC03j that 
for any combinatorial type T, the inclusion ij- : X{Q) Y(T) induces a surjection 
(ir)* : H.iXiG)) ^ H,iY{T)). 

For the type Q of general position arrangements, the closure of the moduli space 
is X(g) = (CP^". The divisor D{g) = X{g) \ X(e) is given by 0(0) = Uj Dj, 
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whose components, Dj = {b G (CP^)" | Aj(b) — 0}, are irreducible hypersurfaces 
indexed by J = {ji, . . . , j>+i}. Choose a basepoint c G X(C7), and for each ^ + 1 
element subset J of [n + 1], let dj be a generic point in Dj. Let Fj be a meridian 
loop based at c in X(5) about the point dj e Dj. Note that c e Y(T) and that 
Fj is a (possibly nuU-homotopic) loop in Y(T) for any combinatorial type T. We 
showed in CO.'? that for any combinatorial type T, the homology group _ffi(Y(T)) 
is generated by the classes {[Fj] | J ^ Dep(T)f_|_i}. In particular, the homology 
group Hi{X{Q)) is generated by the classes [Fj], where J ranges over all £ + 1 
element subsets of [n + 1] . 

It is easy to see that the moduli space X(T') has complex codimension one in 
the closure X(T) if and only if T covers T'. The next theorem is essential for later 
results. 

Theorem 5.1 ( |C03p . Let T be a combinatorial type which covers the type T' . 
Let b' be a point in X(T'), and 7 G 7ri(X(T),b) a simple loop in X(T) about b'. 
Then the homology class [7] satisfies 

(5.2) (jr)*([7])= E ^J-i^ji 

JeDcp(r',r) 

where mj is the order of vanishing of the restriction of Aj to X(T) along X(T'). □ 

6. Gauss-Manin Connections 

The moduli space X(T) is not necessarily connected. The existence of a combina- 
torial type whose moduli space has at least two components follows from examples 
of Rybnikov |Ry| . Let B(T) be a smooth component of the moduli space. Corre- 
sponding to each b G B(T), we have an arrangement Ab, combinatorially equivalent 
to A, with hyperplanes defined by the first n rows of the matrix equation b • u = 0, 
where u = (l ui ■ ■ ■ u^) . Let Mb = M{Ah) be the complement of Ab- Let 

M(r) = {(b, u) G (CPO" X I b g B(r) and u G Mb}, 

and define n-r : M(T) — > B(T) by 7r7-(b, u) = b. Since B(T) is connected by 
assumption, a result of Randell "Ral implies that vrr : M(T) ^ B(T) is a bundle, 
with fiber 7r^^(b) = Mb. 

For each b G B(T), weights A define a local system Ch on Mb. Since ttt : M(T) 
B(T) is locally trivial, there is an associated flat vector bundle tt* : H'?(£) B(T), 
with fiber {Tri)]^\h) = i7«(Mb;>Cb) at b G B{T) for each q, < q < £. Fixing a 
basepoint b G B(T), the operation of parallel translation of fibers over curves in 
B(T) provides a complex representation 

(6.1) : 7ri(B(r), b) ^ Autc(i?«(Mb; A))- 

The cohomology of the Morse theoretic complex K'{Ab) is isomorphic to the co- 
homology of Mb with coefficients in the local system Cb- The fundmental group of 
B(T) acts by chain automorphisms on this complex, see |C02I Cor. 3.2], yielding 
a representation 

rr ■■ 7ri{B{T), b) Autc(i^'(A)). 

Theorem 6.1. The representation \1>^ : 7ri(B(T),b) Autc(i?''(Mb; -Cb)) is in- 
duced by the representation ip^ : 7ri(B(T), b) Autc(i^*(-4b))- D 
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The vector bundle tt'^ : H*(£) B(T) supports a Gauss-Manin connection 
corresponding to the representation (|6.1|l . Over a manifold X, there is a well known 
equivalence between complex local systems and complex vector bundles equipped 
with flat connections, see [DllKo| . Let V X be such a bundle, with connection V. 
The latter is a C- linear map V : £°(V) £^{Y), where £p(V) denotes the complex 
p-forms on X with values in V, which satisfies V(/f7) = adf + fV (a) for a function 
/ and a G £°(V). The connection extends to a map V : £p{V) fP+^(V) for 
p> 0, and is flat if the curvature Vo V vanishes. Call two connections V and V on 
V isomorphic if V' is obtained from V by a gauge transformation, V' = <? o V o 17^^ 
for some g : X — > Hom(V, V). 

The aforementioned equivalence is given by (V, V) 1-^ V^, where is the local 
system, or locally constant sheaf, of horizontal sections {a E £'^{'V) \ V(o') = 0}. 
There is also a well known equivalence between local systems on X and finite 
dimensional representations of the fundamental group of X . Note that isomorphic 
connections give rise to the same representation. Under these equivalences, the 
local system on X = B(T) induced by the representation corresponds to a flat 
connection on the vector bundle tt'' : H'(£) B(T), the Gauss-Manin connection. 

Let 7 G 7ri(B(T),b), and let g : §^ — > B(T) be a representative loop. Pulling 
back the bundle tt^ : H''(£) B(T) and the Gauss-Manin connection V, we 
obtain a flat connection g*(V) on the vector bundle over the circle corresponding 
to the representation of 7ri(§^,l) = {() = Z given by C 1-^ ^^-(7). This vector 
bundle is trivial since any map from the circle to the relevant classifying space 
is nuU-homotopic. Specifying the flat connection (?*(V) amounts to choosing a 
logarithm of \l/^(7). The connection 5*(V) is determined by a connection 1-form 
dz/z (g) 11^(7), where the connection matrix ri^(7) corresponding to 7 satisfies 
^t(7) ~ exp(— 27r i $1^(7)). If 7 and 7 are conjugate in 7ri(B(T),b), then the 
resulting connection matrices are conjugate, and the corresponding connections on 
the trivial vector bundle over the circle are isomorphic. In this sense, the connection 
matrix ^1^(7) is determined by the homology class [7] of 7. 

In the special case when T covers T' and 7 G 7ri(B(T), b) is a simple loop linking 
B(T') in B(T), we denote the corresponding Gauss-Manin connection matrix in 
the bundle 7r« : WiC) B{T) by f^^(B(T'), B(r)). The relationship between the 
homology classes of the loop 7 and the loops Tj in the moduli space of a general 
position arrangement exhibited in Theorem 15. II suggests an analogous relationship 
between the corresponding Gauss-Manin endomorphisms. 

For nonresonant weights A, this relationship is pursued in |C03| . In this sit- 
uation, the local system cohomology is concentrated in the top dimension, and 
is isomorphic to the cohomology of the Orlik-Solomon complex, H^{M;Cx) = 
H\A*(A), ax). Moreover, there is a surjection P : H\A{g),ex) ^ H'^{A'{A), ax) 
from the cohomology of the Orlik-Solomon complex of a general position arrange- 
ment to that of A, see |C03I Theorem 6.5]. 

Theorem 6.2. Let T be a combinatorial type which covers the type T'. Let X be a 
collection of weights which are nonresonant for type T ( and hence for type Q ). Then 
the Gauss-Manin endomorphism r2£(B(T'), B(T)) is determined by the equation 

p ■ n'^cmr), B(T)) = ( J2 ^J- ^cm'^j)^ . p, 

JeDop,+i(r',r) 
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where Tj is the combinatorial type of an arrangement for which J is the only depen- 
dent set of size i+l, andn'^^{B{Tj),B{g)) e End {A{g) , ex) is the corresponding 
Aomoto-Kita Gauss-Manin connection matrix. □ 

For arbitrary weights A, Theorems 15.11 and 16.21 motivated the construction of 
formal connections in the Aomoto complex of a general position arrangement in 
pT4) . These are discussed in Section [3 

The Gauss-Manin connection in local system cohomology has combinatorial 
analogs. We have the vector bundle A"? — ^ B(T), whose fiber at b is A''{Ab), 
the g-th graded component of the Orlik-Solomon algebra of the arrangement A^,. 
The nbc basis provides a global trivialization of this bundle. Given weights A, 
the cohomology of the complex {A*{Ai,),ax) gives rise to the flat vector bundle 
H*(yl) — * B(T) whose fiber at b is the g-th cohomology group of the Orlik-Solomon 
algebra, H^{A' {A^,), a\). Like their topological counterparts, these algebraic vector 
bundles admit flat connections. If T covers T', denote the corresponding connection 
matrix in this cohomology bundle by ri^(B(T'), B(T)). 

7. Formal Connections 

To determine the endomorphisms f^^(B(r'), B(T)) and f^^(B(r'), B(r)), we de- 
fine formal connections in the Aomoto complex, {IK'{Q), Cy)), of the general position 
arrangement of n ordered hyperplanes in C^. We embed the arrangement in projec- 
tive space as described above and call the resulting type Qoo ■ The symmetric group 
Sn+i on n -I- 1 letters acts on A*(f/), the rank I truncation of the exterior algebra 
in n variables, by permuting the hyperplanes of Qoo, and on R by permuting the 
variables j/j, where y„+i = — X]j=i Vj- basis {cj | 1 < j < ?t.} for the exterior 

algebra, the action of G Sn+i is given by ^[ei) — ea(i) if cr{n-\- 1) = ri + 1, and by 



-ea(„+i) ifcr(i)=n + l, 

^eo-(i) - e^(„+i) iia{i)^n + l, 

if a{n + 1) ^ n + 1. Denote the induced action on the Aomoto complex by <j)a ■ 

(l)a{ei^ • • - e^p (g) f{yi, . . . ,y„)) = cr(ejj • ■ ■ (7{e^J fiy^d), . . .,y^(„)). 

Lemma 7.1. For each a e Sn+i; the map (j)a- is a cochain automorphism of the 
Aomoto complex {A'{Q),ey). □ 

li T ~ {ii, . . . ,ip) C [n] is a p-tuple, then we write ct — ei-^ ■ ■ ■ Ci . Recall that 
der = Ej=i(-l)'"'eT\{.,}. For j e [n], let (j, T) = (j, . . . , ip) be the {p + 1)- 
tuple which adds j to T as its first entry. For S = {si, . . . , Sk) C [n + 1], let 0-5 
denote the permutation (^^^ ). Write S* = T if S* and T are equal sets. 

Definition 7.2. Let T C [n] be a p-tuple, S C [n -|- 1] have size q + I, and j G [n\. 
If S = So = [q + 1], define the endomorphism oj*^ : {A*{g), Cy) — > (A*(^), ey) by 

Vj^^U-T) ifP = 1 o-nd So = (j, T), 
./g (ct) = { CydcT if p = q + 1 and So = T, 



otherwise. 



IfS^ So, define - - - 
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Proposition 7.3 f jC04| 'l. For every subset S of [n + 1], the map tD' is a cochain 
homomorphism of the Aomoto complex [Q) , ey )) . □ 

The formal connection endomorphisms ujg are defined for the Aomoto complex 
of the general position type Q. Our aim is to show that certain linear combinations 
of these induce endomorphisms of the Aomoto complex of type T for all pairs of 
types T', T where T covers T'. This involves multiplicities. Given S C [n + 1], 
let Ns{T) — Ns{^) denote the submatrix of (|5.HI with rows specified by S. Let 
rankA'^s(T) be the size of the largest minor with nonzero determinant. Define the 
multiplicity of S* in T by 

ms{r) = IS*! - rank Afs(T). 

It is not hard to see that this definition of multiplicity agrees with the analytic 
definition in Theorem 15. II Let 

SeDep(r',T) 

For an arrangement A, the Orlik-Solomon algebra depends only on the combina- 
torial type r, so we write A{A) = A{T). If ^ C ^ = then A^iT) = for 
q > i. It follows that A(T) may be realized as a quotient of the rank i truncation 
of the exterior algebra E{A), which is itself the Orlik-Solomon algebra A{Q) of the 
combinatorial type of a general position arrangement. Denote the rank £ truncation 
of the Orlik-Solomon ideal I (A) by I{T) = I{A)nA{g). Thus A{T) = A{g)/I{T). 
The ideal /(T) gives rise to a subcomplex l*(T) of the Aomoto complex A'(C?), and 
we have an exact sequence of cochain complexes 

^ l'(r) ^ A'ig) A'{T) ^ 0. 

Theorem 7.4 ^ [C04] ). IfT covers T , then Co{r',T){\'{T)) C \'{T) so there is a 
commutative diagram 

(|-(r),ey) (A-(g),ey) (A-(r),ay) 

(|-(r),ey) (A-(^),%) — ^ (A-(T),ay) 

where l : \*{T) -> A'{g) is the inclusion, p : A'{g) A*{T) = A*{g)/\*{T) is the 

natural projection, and lo{T' ,T) : A*(T) — > A*(T) is the induced map. □ 

We call the map uj{T',T) the universal Gauss-Manin endomorphism. 

It follows that for given weights A, the specialization y i-^ A in the chain en- 
domorphism uj{T',T) defines a chain endomorphism uj^{T',T) : A'{T) A'{T). 
Let K« = ker[aA : A«(r) A«+i(r)], and write A«(r) = A«(r)/K«. Define 
pi : Ai{T) m{A' {T),ax) to be the natural projection k"? m {A' {T) , ax) on 
k'?, and trivial on A'^{T)/k,''. The map lu'^{T',T) induces an endomorphism 

f]«(T',r) : H'^{A'{T),ax) -> H'^{A' {T),ax) 

determined by the equation o w^(r', T) = f7^(r', T) o pi. 

Theorem 7.5 f |G04| 'l. Let M be the complement of an arrangement of type T and 
let C be the local system on M defined by weights A. Suppose T covers T' . Then 
the connection endomorphism f2^(B(T'), B(T)) is determined by the equation 

piou^l{r',T)^n\{E{T'),E{T))opi. 
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and hence n\{B{T'),B{T)) ^ nl{T',T). □ 

Now consider the endomorphisms Sl£(B(T'), B(T)) of the local system cohomol- 
ogy groups i?'?(M; £). Recall from Theorem 14 . 1 1 that this cohomology is naturally 
isomorphic to the cohomology of the Morse theoretic complex (i^*(^),A*). As 
above, let >f'? = ker[A« : Ki(A) K^+^iA)], and write K^{A) = ® K<i{A)/>ci. 
Define tp'^ : K''{A) Hi{M;C) to be the natural projection Hi{M;C) on 

and trivial on K'i{A)/x'^. 

Theorem 7.6 (' |C04| ). Let M be the complement of an arrangement of type T 
and let C be the local system on M defined by weights A. Suppose T covers T' . 
Then there is an isomorphism t'^ : A''{T) K''{A) so that the Gauss-Manin 
endomorphism f2^(B(T'), B(T)) in local system cohomology is determined by the 
equation 

o o LuliT', T) = f7^(B(r'), B(r)) o o t". □ 



8. Spectrum 
The eigenvalues of the Gauss-Manin connection satisfy: 

Theorem 8.1 ( |C02p . The eigenvalues of the universal Gauss-Manin endomor- 
phism ll>''{T',T) are integral linear forms in the variables yi,...,y„. Thus for 
any system of weights \, the eigenvalues of the Gauss-Manin endomorphism in 
local system cohomology, f2£(B(T'), B(T)), are integral linear combinations of the 
weights X. □ 

In |CU5| we determined the spectra of these Gauss-Manin endomorphisms. Re- 
call the collection Dep(T). Here it suffices to work with a smaller collection of 
dependent sets 

Dep(r); = {s e Dcp(r), \f]H,^ 0}. 

Let Dep(T)* = \J^Dcp{T)*. If S e Dcp(r)*, then codim(nj.g5 iJ^) < If 
T' is a combinatorial type for which Dep(r)* C Dep(T')*, let Dep(T',r)* ^ 
Dep(r')* \ Dep(r)*. If |5| > ^ -I- 2, then S G Dep(T) but S £ Dep(r)* if and only 
if every subset of S of cardinality ^ -I- 1 is dependent. 

Denote the cardinality of 5' by s = For 1 < r < mm{£, s — 1), consider the 
combinatorial type T(5, r) defined by 

T G Dep(r(5,r))* ^ \TnS\>r + l. 

This type is realized by a pencil of hyperplanes indexed by S with a common 
subspace of codimension r, together with n — s hyperplanes in general position. 
Note that for r = 1 the hyperplanes in S coincide, so T{S, r) is a multi-arrangement. 

Theorem 8.2 ( jC05j ). Let T' be a degeneration of a realizable combinatorial type 
T. For each set Si G Dep(T',T)* , let r^ be minimal so that Dep(T(S'i, r^))* C 
Dep(T')*. Given the collection {{Si,ri)} there is a unique pair {S,r) with r = 
minjri}, Dep(T(5, r))* C Dep(T')*, and for every pair {Si,ri) where ri — r, 

S^CS. □ 

Let T' be a degeneration of T. We call the pair {S, r) which satisfies the condi- 
tions of Theorem 18 . 21 the principal dependence of the degeneration. Define 

^*{S,r)^ X! rnK{S,r) ■ uj'ji, 

ifeDcp(T(S,r))* 
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where mK^S, r) is the multiphcity of K in type T{S, r). We showed in the proof of 
[C05l Thm. 5.1] that the endomorphisms w*(S',r) and oj'{T',T) of A'{g) induce 
the same endomorphism in A*(T), u!*{S,r) = uj'{T',T). It foUows from Theo- 
rem l7.6l that for aU weights A, the endomorphism toxi^^ induces the Gauss-Manin 
endomorphism n}.{B{T'), B(r)). Write Xs = Ejes 

Theorem 8.3 (ICnSI)- Suppose T covers T' with principal dependence {S,r). Let 
X be a collection of weights satisfying Xs ^ 0. Then a)^(S', r) : A'^{Q) —>■ A'^{Q), the 
specialization ofuj'^{S,r) at \, is diagonalizable, with eigenvalues and Xs- 



1. The 0-eigenspace has dimension 

r 

V 

2. The Xs-eigenspace has dimension 



inin(g.s) 

E 

p—r-\-l 



PJ \i - P 



s - 1 



q — r 



n — s 
Q — r 



□ 



Our last result was stated in |C05| only for nonresonant weights but applies in 
full generality: 

Theorem 8.4 ([205]). Suppose T covers T' with principal dependence {S,r). Let 
X be a collection of weights satisfying Xs 7^ 0. Then the Gauss-Manin endomor- 
phism r2£(B(T'), B(T)) is diagonalizable, with spectrum contained in {0, As}- D 

9. A Selberg arrangement 

Let S be the combinatorial type of the Selberg arrangement A in with defining 
polynomial Q{A) ~ uiU2{ui — l){u2 — l)(wi — U2) depicted in Figure^ See [All 
ISV2L iKaj for detailed studies of the Gauss-Manin connections arising in the context 
of Selberg arrangements. 



1 2 



1 2 



4 
3 



345 



A A' 
Figure 1. A Selberg Arrangement and One Degeneration 



Let C be the complex rank one local system on the complement M of ^ corre- 
sponding to the point t = {ti, . . . jt^) £ (C*)^. For any such local system on the 
complement of this arrangement, there is a choice of weights A = (Ai, . . . , A5) € 
so that tj — exp(— 27riAj) for each j, and the local system cohomology H*{M;C) 
is isomorphic to the cohomology of the Orlik-Solomon complex {A*{S),ax). Con- 
sequently, if S' is a degeneration of iS, it suffices to compute the Gauss-Manin 
endomorphism 0^(8(5'), B(5)) = (8(5'), B(5)) = f^^(5'5). 

Let Q be the combinatorial type of a general position arrangement of five lines 
in C^. The nbc bases for the Orlik-Solomon algebras A{Q) and A{S) give rise to 
bases for the corresponding Aomoto complexes. The Aomoto complex {A'{Q), Cy) is 
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(dual to) the rank two truncation of the standard Koszul complex of y yi , . . . , ?/5 
in the polynomial ring R = C[y]. The Aomoto complex (A* (5), Oy) of the Selberg 
arrangement is given by 



A°(5) ^ Ai(5) ^ A2(5), 

where A"(e) = R, A^{g) = i^^ and A'^{g) = R^. Recall that yj 
boundary maps of this complex have matrices 



T^jajV]- The 



[yi 



y2 2/3 2/4 2/5 



and 
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The projection p : A*{g) A* (5) is given, in the nbc bases, by 



if J = {1,2} or J = {3,4}, 
ai,3 if J ={3, 5}, 
a2,4 if J ={4, 5}, 

otherwise. 



Let S' denote the combinatorial type of the (multi)-arrangement A' shown in 
Figure ^ a codimension one degeneration of S. The principal dependence of this 
degeneration is {S, r), where S — 345 and r = 1. The corresponding endomorphism 
Cj*{S,r) : A-{g) ^ A'{g) is given by 



U]{S, r) = W34 + 0)35 + (1)45 + (1)134 + a;234 + ^^346 
+ '^145 + (^245 + '^456 + 20)345. 

The matrices of this chain endomorphism are Cf'iS, r) = 0, 



" 'J-'135 + ^23.b + '^356 
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A calculation with the projection p : A'{g) f^'{S) yields the induced endo- 
morphism uj\S',S) = uj'{S,r) : A'{S) A'{S), given explicitly by = 0, 
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uj^iS',S)^Cu\S,r), and 



2/45 


-2/4 


-2/5 











-2/3 


2/35 


-2/5 











-2/3 


-2/4 


2/34 




















2/45 


-2/4 


-2/5 











-2/3 


2/35 


-2/5 











-2/3 


-2/4 


2/34 



Weights A = (Ai, A2, A3, A4, A5) are nonresonant for type S if 

Ai, A2, A3, A4, A5, Ag, A135, A245, Ai26, A346 ^ Z>o, 



where A 



J 



EjGjAj and Ae = -A[5] 



H^{M;C) is {?72,4,'72,5}, where 772,. 



The /3nbc basis for a^) = 

(A2a2 + A4a4 + AsasjA^aj, see |FT| . The 



projection map p : A (S) H {A'{S),ax) is given by 



(A3?72,4 - Ai(772,4 + ?72,5))/(AlA3Ai35) if {ij} = {1,3}, 

-??2,4/(AlA4) if {i,j} = {l,4}, 

(Ai5772,4 + Ai (772,4 + ?/2,5))/(AlA5Ai35) if {i,j} = {1,5}, 

-(??2,4 + ?72,5)/(A2A3) if {i,j} = {2,3}, 

(A24»72,4 + A4772,5)/(A2A4A245) if {«, j} = {2, 4}, 

. (A5f/2,4 + A25?72,5)/(A2A5A245) if {«, j} = {2, 5}. 



A calculation with the endomorphism uj-^{S',S) — uj'^{S' ,S)\^^^ and this pro- 
jection yields 

"A3 + A4 + A5 

A3 + A4 + A5 



A collection of weights A is resonant for type 5 if Ai = A4, A2 = A3, A5 = Ag, 
and Ai + A2 + A5 = 0. Let A be a collection of nontrivial, resonant weights. Then 
Ai ^ or A2 7^ 0. For such weights, one can check that ai — 02 — 03 + a4 G A^{S) 
represents a basis for H^{A*{S),ax), and that dim {A* (S), ax) = 3. By Theo- 
reni l8.4l the spectrum of the Gauss-Manin endomorphism il^{S' ,S) is contained in 
{0, A345}, provided A345 =/= 0. However, the resonance conditions above imply that 
A345 = 0. Accordingly, one can check directly that the endomorphism n^{S',S) : 
H^{A*{S),ax) H\A'{S),ax) induced by cj'(5',5) = uj' {S' , S)\y^^ is trivial. 
One can also show that, for an appropriate choice of basis for H'^{A* {S), ax), the 
projection A^{S) -» H^{A*{S),ax) has matrix 



Ai 


-Ai 


A2 


-A2 


A2 


A2 








A2 


Ai 


-Ai 


-Ai 


Ai 


A2 


A2 


Ai 









and that the endomorphism Q'^{S',S) : H'^{A' (S), ax) 
by uj^{S',S) is trivial as well. 



H^{A'{S),ax) induced 
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